the distribution of tangent 2-planes orthogonal to the fibres is a contact structure, in fact a tight one, but we show here that, beginning with the 5-sphere, there exist smooth great circle fibrations of all odd-dimensional spheres for which the hyperplane distribution orthogonal to the fibres is not a contact structure.
An overview of the proof.
Old proof. The argument [Gluck 2018 ] on the 3-sphere used special features available only in this low dimension: quaternion multiplication, isometry of the Grassmann manifold G 2 R 4 of oriented 2-planes through the origin in R 4 with the product space S 2 x S 2 , and the description of the infinite-dimensional moduli space of all great circle fibrations of the 3-sphere as two copies of the space of strictly distance-decreasing maps from S 2 to S 2 .
New tools. To prove the negative result on higher dimensional spheres, we first show how to free ourselves from the above special tools by finding new more general ones.
Fibrations by great circles. We start with a single oriented great circle P on S 2n+1 , and aim to build a tube of great circles around it. To do this, we first fix a point on P , consider a great 2n-sphere through that point, orthogonal to P there, and on it a small round 2n-ball S , centered at the given point.
Using coordinates x = (x 1 , ..., x 2n ) on S , we find real-valued functions f 1 (x) , ..., f 2n (x) to help us choose great circles through each point x of S , including the great circle P through its center. These great circles will be disjoint from one another near S , but there is always the possibility of intersections further out. So there must be some constraint on the choice of these functions to prevent such intersections and to let these great circles form a fibered tube about P .
To find this constraint, we learn that the 2n x 2n matrix (∂f i / ∂x j )| 0 of partial derivatives describes how the nearby great circles twist around P , and we show, using some of our new tools, that these great circles fibre a thin tube about P if and only if this twisting matrix has no real eigenvalues.
Contact structures.
We begin with a smooth fibration F of S 2n+1 by oriented great circles, and let x F be the distribution of tangent 2n-planes orthogonal to the fibres of F . Let V be a unit vector field on S 2n+1 tangent to these great circle fibres, in the direction of their orientation, and a the dual one-form defined by a(W) = < V , W > , so that x F = ker a .
To confirm that a is a contact structure, we must show that a Ù (da) n is never zero, and contrariwise, to show that this is not always so, we must find an example of such a smooth fibration F for which a Ù (da) n vanishes at least at one point.
We compute a and da in local coordinates, and find that at the distinguished point on P
we have da = S j<k (∂f k / ∂x j -∂f j / ∂x k )| x=0 dx j Ù dx k .
The Pfaffian. Let B be a 2n x 2n real skew-symmetric matrix. The Pfaffian of B , written Pf (B) , is a polynomial of degree n in the entries of B whose square is the determinant of B :
Pf (B) 2 = Det (B) .
The Pfaffian is defined by the formula Pf (B) = 1 / (2 n n!) S sÎS 2n (-1) s b s(1),s(2) ... b s(2n-1),s(2n) , where S 2n is the symmetric group on 2n symbols, where s is a permutation of these symbols, and where (-1) s = ± 1 is its sign.
Here is an equivalent definition. Let B = (b ij ) be a 2n x 2n skew-symmetric matrix, and let e 1 , e 2 , ..., e 2n be an orthonormal basis for R 2n . Consider the bi-vector w = S i<j b ij e i Ù e j . Then w n / n! = Pf (B) e 1 Ù e 2 Ù ... Ù e 2n .
We will connect this linear algebra with our main task by showing that if A is the twisting matrix A = (∂f i / ∂x j )| 0 of our great circle fibration at the chosen point on the fibre P , then the quantity (da) n seen above is, up to scale, the Pfaffian of the skew-symmetric matrix B = A -A T .
This will bring us to the question: If a 2n x 2n matrix A has no real eigenvalues, is the Pfaffian Pf (A -A T ) always nonzero?
And since Pf (A -A T ) 2 = Det (A -A T ) , we prefer to formulate this question as:
If a 2n x 2n matrix A has no real eigenvalues, is A -A T nonsingular?
This is a straightforward question in linear algebra, and we will see that the answer is Yes when n = 1 , but No when n ≥ 2 .
The Yes answer for n = 1 reproves the earlier theorem that for every great circle fibration of the 3-sphere, the distribution of tangent 2-planes orthogonal to the fibres is a contact structure.
The No answer for n ≥ 2 lets us construct a germ of a smooth fibration of S 2n+1 by great circles (meaning a tube fibred by such great circles), for which the 2n-plane distribution orthogonal to the fibres is not a contact structure. Then, using an earlier result, we extend this germ to a fibration of all of S 2n+1 by great circles, and conclude that, beginning with the 5-sphere, there exist smooth great circle fibrations of all odd-dimensional spheres for which the hyperplane distribution orthogonal to the fibres is not a contact structure.
The new tools.
Given a fibration F of S 2n+1 by oriented great circles, each fibre P of F lies in and orients some 2-plane through the origin in R 2n+2 . We will denote this 2-plane by P as well, and view it as a single point in the Grassmann manifold G 2 R 2n+2 of all such oriented 2-planes.
The base space M F of F then appears as a 2n-dimensional topological submanifold of G 2 R 2n+2 , and if the fibration F is smooth, then the submanifold M F is also smooth.
Given an oriented 2-plane P through the origin in R 2n+2 , let P^ denote the 2n-plane through the origin orthogonal to it.
The 4n-dimensional vector space Hom(P, P^) serves simultaneously as a large coordinate neighborhood about P in G 2 R 2n+2 , and as the tangent space T P (G 2 R 2n+2 ) to this Grassmann manifold, as follows.
Suppose that the oriented 2-plane P' in R 2n+2 contains no vector orthogonal to P , and suppose that its orthogonal projection to P is orientation-preserving. Let N(P) be the collection of all such 2-planes P' . This set N(P) is the domain of a coordinate chart, as follows. Given P' in N(P) , we view P' as the graph of a linear transformation L P' : P ® P^ , and we match P' with L P' . Thus P itself is matched with the zero transformation. Vice versa, if we start with L: P ® P^ , then its graph is the oriented 2-plane P L .
Next, we fix bases of P and P^ in order to write elements of Hom(P, P^) as 2n 2 matrices. Let U 1 , U 2 be an orthonormal basis for P , consistent with its orientation. Now orient P^ so that the orientations of P and P^ together give the orientation on R 2n+2 . Finally, choose an orthonormal basis V 1 , ..., V 2n for P^ consistent with its orientation.
With respect to these bases, we write elements of Hom(P, P^) as 2n x 2 matrices A = A 1 | A 2 , where A 1 and A 2 are column 2n-vectors, and see that Hom(P, P^) is the sum of two copies of P^ , Hom(P, P^) = { A 1 | A 2 } = {A 1 | 0} + {0 | A 2 } @ P^ + P^ . Now consider an oriented great circle fibration F of S 2n+1 which contain a fixed great circle fibre P . If P' is another great circle on S 2n+1 which intersects P , then because the fibers of F are disjoint, the base space M F in G 2 R 2n+2 cannot also pass through P' . This motivates the following definition.
The bad set BS(P) Ì G 2 R 2n+2 consists of all oriented 2-planes through the origin in R 2n+2 which meet P in at least a line. If M F contains the great circle fibre P , then M F intersects the bad set BS(P) only at P and nowhere else.
The bad cone BC(P) Ì T P (G 2 R 2n+2 ) is the tangent cone to the bad set at P . There is a local analogue of this: A sufficiently small neighborhood of a point on a smooth 2n-cell in G 2 R 2n+2 which is transverse to the field of bad cones is the base space of a fibration of a thin tube by great circles. [Cahn-Gluck-Nuchi 2018] TOOL 2. A 2n-dimensional linear subspace T of Hom(P, P^) @ P^ + P^ is transverse to the bad cone BC(P) if and only if it is the graph of a linear map with no real eigenvalues from one P^ summand to the other.
See [Cahn-Gluck-Nuchi 2018] .
A germ of a fibration of S 2n+1 by oriented great circles consists of such a fibration in an open neighborhood of a given fibre P , with two germs about P equivalent if they agree on some smaller neighborhood of P . To extend such a germ to a fibration of S 2n+1 means to find a fibration of S 2n+1 which agrees with the given germ on some neighborhood of P . This is Theorem A of [Cahn-Gluck-Nuchi 2018] .
Remarks.
• The standard Hopf fibration H of the 3-sphere is obtained by starting with an orthogonal complex structure J on C 2 = R 4 , and then intersecting the J-complex lines through the origin with the unit 3-sphere centered at the origin to obtain the great circle fibres.
Hopf fibration of the 3-sphere by great circles Lun-Yi Tsai Charcoal and graphite on paper 2006
The distribution x H of tangent 2-planes on S 3 which are orthogonal to these Hopf fibres is known as the standard tight contact structure on S 3 .
• The subject of fibrations of round spheres by great subspheres, both in and of itself, and in the way it applies to the Blaschke Problem in Differential Geometry, is nicely summarized in [ McKay 2004 and 2015] .
• A overview of contact structures and contact geometry can be found in [Eliashberg 1992 and 1993] , in [Etnyre 2003 ] and in [Geiges 2008] .
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GREAT CIRCLE FIBRATIONS The twisting matrix
We begin with a smooth fibration F of S 2n+1 by oriented great circles, and consider the distribution x F of tangent 2n-planes orthogonal to the fibres of F . Let A be a unit vector field tangent to the fibres of F , pointing in the direction of their orientation. Then let a be the dual one-form defined by a(V) = < A , V > , so that x F = ker a . To show that x F is a contact structure on S 2n+1 , we must show that a Ù (da) n is never zero.
We will reconfirm this for n = 1 , but for each n ≥ 2 , we will construct a smooth fibration F of S 2n+1 for which a Ù (da) n vanishes at a preassigned point.
To set up for this, let F be a smooth fibration of S 2n+1 by oriented great circles, and fix attention on one of these circles, which we call P . We also let P denote the oriented 2-plane through the origin in R 2n+2 spanned by this circle.
Let U 1 and U 2 be an ordered orthonormal basis for the oriented 2-plane P , and V 1 , V 2 , ..., V 2n an ordered orthonormal basis for its orthogonal complement P^ , as shown in the figure.
Let S 2n be a great 2n-sphere on S 2n+1 , passing through the point U 1 and orthogonal there to the great circle fibre P .
Let S be a small round 2n-ball on S 2n , centered at U 1 , and parametrized by coordinates x 1 , x 2 , ..., x 2n , so that the points on S are given by
where x = (x 1 , x 2 , ..., x 2n ) and |x| < e . This coordinatization is the inverse of orthogonal projection of S to the tangent plane to S 2n at the point U 1 .
For each point P(x) in S , parallel translate the orthonormal frame U 1 , U 2 , V 1 , ..., V 2n along the geodesic from P(0) = U 1 to P(x) , and call the resulting orthonormal frame
The vector U 2 (x) takes the constant value U 2 , since S 2n is the unit sphere on the 2n+1 plane orthogonal to U 2 . The entire frame depends smoothly on the coordinates (x 1 , x 2 , ..., x 2n ) .
At each point P(x) on S , consider the fibre of F shown in blue which pierces S at that point. Follow this fibre in the direction of its orientation for a distance p/2 to arrive at the point
The function h(x) , close to 1 in value, reports how much the nearby great circles through P(x) and Q(x) move forward in the U 2 direction, while the functions f 1 (x) , ... , f 2n (x) , all close to 0 in value, describe how these great circles twist around the great circle P through P(0) = U 1 and Q(0) = U 2 . Note that the functions f 1 (x) , ... , f 2n (x) depend smoothly on the coordinates (x 1 , x 2 , ..., x 2n ) of x .
The fact that our great circles are the fibres of a smooth fibration will force a constraint on these twisting functions f 1 , ..., f 2n , which we will soon state and prove.
But first, here's another point of view.
Instead of passively observing a fibration of all of S 2n+1 by oriented great circles, start with just a single oriented great circle P through U 1 and U 2 , and the great 2n-sphere S 2n on S 2n+1 passing through the point U 1 and orthogonal there to the great circle P . Let S be a small round 2n-ball on S 2n centered at U 1 as described above, and for each point P(x) in S , construct the orthonormal frame
as above.
Then we can try to construct a small tube of great circles about P by choosing smooth functions h , f 1 , ..., f 2n as above and considering the family of great circles which connect each point P(x) on S to the point
These great circles are disjoint from one another along S , but there is always the possibility of intersections further out.
So, as before, there must be some constraint on the choice of the functions f 1 , ..., f 2n to prevent such intersections and to let these great circles form a fibered tube about P. We call (∂f i /∂x j ) | 0 the twisting matrix .
Thus, if we start with a smooth fibration of S 2n+1 by great circles, and describe those near the chosen fibre P by the smooth functions h , f 1 , ..., f 2n as above, then the resulting twisting matrix can have no real eigenvalues.
Alternatively, if we attempt to build such a smooth fibration in a small neighborhood of the chosen great circle P using the smooth functions h , f 1 , ..., f 2n as above, then we will succeed precisely when this twisting matrix has no real eigenvalues.
Proof of Proposition 1.
Let F denote our smooth family of oriented great circles on S 2n+1 , centered at the great circle P .
It is convenient to regard F as a family of oriented 2-planes through the origin in R 2n+2 , with orthonormal bases P(x) and Q(x) , with P(x) lying on the round 2n-cell S , all as described above.
The base space M F of the family F lies in the Grassmann manifold G 2 R 2n+2 , and we need to find a basis for its tangent space T P M F at P , which we do as follows.
We use the orthonormal bases {U 1 , U 2 } for P and {V 1 , ..., V 2n } for P^ , so that the elements T of Hom(P, P^) can be viewed as 2n x 2 matrices.
It will be convenient to have a suggestive name for those matrices which contain a 1 in just a single location and 0's in all the other locations.
For this purpose, we use the isomorphism of Hom(P, P^) with the tensor product P Ä P^ , and then the "matrices" U 1 Ä V 1 , ..., U 1 Ä V 2n give an ON basis for the first column space of Hom(P, P^) , while the matrices U 2 Ä V 1 , ..., U 2 Ä V 2n give an ON basis for the second column space.
We include this in the labeling of the following figure.
If F is a smooth fibration of an open tubular neighborhood of P in S 2n+1 , then the base space M F will be a fragment of a smooth 2n-manifold transverse to the bad cone at P , according to Tool 1.
The first column space U 1 Ä P^ and the second column space U 2 Ä P^ are both tangent to the bad cone at P because they represent singular maps of P to P^ . Hence the 2n-dimensional tangent space T P M F meets each of these column spaces only at the origin.
It follows that T P M F must be the graph of a linear isomorphism L from the first column space to the second,
Our next task is to find the 2n x 2n matrix of L with respect to the orthonormal bases U 1 Ä V 1 , ..., U 1 Ä V 2n of U 1 Ä P^ and U 2 Ä V 1 , ..., U 2 Ä V 2n of U 2 Ä P^ .
The base space M F of our fibration F is the set of oriented 2-planes with ordered orthonormal bases P(x) and Q(x) , one for each x = (x 1 , ..., x 2n ) with |x| < e , and with P(x) = U 1 (x) = √(1 -|x| 2 ) U 1 + x 1 V 1 + ... + x 2n V 2n = ( √(1 -|x| 2 ) , 0 , x 1 , ... , x n ) and
To compute the tangent space T P M F to M F at P , we will have to take partial derivatives of certain quantities with respect to each of x 1 , x 2 , ..., x 2n and evaluate them at the origin.
We prepare to do this with respect to x 1 and let x = (x 1 , 0 , ..., 0) . We will take advantage of the fact that parallel translation of the orthonormal frame U 1 , U 2 , V 1 , ..., V 2n from the point P(0) = U 1 to the point P(x) = √(1 -x 1 2 ) U 1 + x 1 V 1 = (√(1 -x 1 2 ) , 0 , x 1 , 0 , ..., 0) can be achieved by rotating the 2-plane spanned by U 1 and V 1 through an appropriate angle, and keeping the orthogonal 2n-space fixed.
We then compute that
thus expressing Q(x) in terms of the basis at the "origin" x = 0 .
Now with x = (x 1 , 0 , ..., 0) , we consider the 2-plane spanned by P(x) and Q(x) .
We want to see this 2-plane as the graph of a linear transformation T: P ® P^ inside P + P^ = R 2n+2 .
From the above formulas for P(x) and Q(x) , we compute that
In the 2n x 2 matrix for T , the value of T(U 1 ) is written down the first column, and the value of T(U 2 ) down the second column.
Now we take the derivative of this transformation T with respect to x 1 and evaluate it at x 1 = 0 to get
∂T/∂x 1 | 0 (U 2 ) = ∂f 1 /∂x 1 | 0 V 1 + ∂f 2 /∂x 1 | 0 V 2 + ... + ∂f 2n /∂x 1 | 0 V 2n .
In the 2n x 2 matrix for ∂T/∂x 1 | 0 , the first column has a 1 at the top and the rest 0's , while the second column has the partial derivatives ∂f 1 /∂x 1 | 0 , ... , ∂f 2n /∂x 1 | 0 from top to bottom.
It follows by symmetry that the corresponding conclusion holds for all j with 1 ≤ j ≤ 2n :
In the 2n x 2 matrix for ∂T/∂x j | 0 , the first column has a 1 in the j th spot and the rest 0's , while the second column has the partial derivatives ∂f 1 /∂x j | 0 , ... , ∂f 2n /∂x j | 0 from top to bottom.
Thus the 2n-dimensional tangent space T P M F to M F at P has as basis the 2n x 2 matrices ∂T/∂x 1 | 0 , ... , ∂T/∂x 2n | 0 as listed above, and therefore is the graph of the linear transformation L : U 1 Ä P^ ® U 2 Ä P^ from the first column space to the second which, with respect to our chosen bases for these two column spaces, is given by the matrix L = (∂f i /∂x j ) | 0 .
So our twisting matrix has reappeared to express the tangent space T P M F to M F at P .
It now follows from Tools 1 and 2 that our family F of great circles on S 2n+1 , constructed from the smooth functions h , f 1 , ... , f 2n , is a smooth fibration in a neighborhood of P if and only if this twisting matrix (∂f i /∂x j ) | 0 has no real eigenvalues.
This completes the proof of Proposition 1 .
Twisting matrices for the Hopf fibrations.
We identify real 2n+2 space R 2n+2 with complex n+1 space C n+1 , (x 1 , x 2 , x 3 , x 4 , ..., x 2n+1 , x 2n+2 ) « (z 1 = x 1 + i x 2 , ..., z n+1 = x 2n+1 + i x 2n+2 ) , and consider the Hopf fibration H of S 2n+1 by oriented great circles, obtained by intersecting this sphere with the complex lines through the origin in C n+1 .
We want to compute the twisting matrix for this fibration at the point P(0) given in real coordinates by the (2n+2)-tuple P(0) = (1 , 0 , ..., 0 , 0) , and we begin by focusing on computing partial derivatives with respect to x 1 .
Let x = (x 1 , 0 , ..., 0 , 0) be the coordinates of a point near P(0) .
Once again, we take advantage of the fact that parallel translation of the orthonormal frame U 1 , U 2 , V 1 , ..., V 2n from the point P(0) = U 1 to the point
can be achieved by rotating the 2-plane spanned by U 1 and V 1 through an appropriate angle, and keeping the orthogonal 2n-space fixed. Thus V 1 (x) = -x 1 U 1 + √(1 -x 1 2 ) V 1 , while V 2 (x) = V 2 , ..., V 2n (x) = V 2n . Now in general we can write
but in the specific case of this Hopf fibration, we have
and since V 2 = V 2 (x) , we can write this as
and so conclude that f 2 (x) = x 1 .
Thus ∂f 2 / ∂x 1 (0) = 1 , while ∂f i / ∂x 1 (0) = 0 for i ≠ 2 .
In like fashion, we compute that ∂f 1 / ∂x 2 (0) = -1 , while ∂f i / ∂x 2 (0) = 0 for i ≠ 1 .
This gives us the first two columns of our 2n x 2n twisting matrix (∂f i /∂x j (0)) for this Hopf fibration.
Continuing in this way, with appropriate rotations in coordinate 2-planes, we get the full twisting matrix, 
CONTACT STRUCTURES
Once again we start with a smooth fibration F of S 2n+1 by oriented great circles, and let x F be the distribution of tangent 2n-planes orthogonal to the fibres. We let V be a unit vector field tangent to the fibres of F in the direction of their orientation, and a the dual one-form defined by a(W) = < V , W > , so that x F = ker a .
To allow for both possibilities, we approach this as follows.
Rather than starting with a smooth fibration of S 2n+1 by oriented great circles, start as earlier with a single oriented great circle P through U 1 and U 2 , and the great 2n-sphere S 2n on S 2n+1 passing through the point U 1 and orthogonal there to P . Then consider the small round 2n-ball S on S 2n as we did earlier, the points P(x) on S and Q(x) orthogonal to P(x) , constructed with the aid of the smooth functions h , f 1 , ..., f 2n , and the family of great circles which connect each point P(x) to Q(x) .
Although these great circles are disjoint from one another along S and nearby, there is always the possibiity of intersections further out.
Focus on small arcs of these great circles as they pierce the small 2n-ball S . They certainly fibre a small neighborhood of S , which can be coordinatized by S(x, t) = P(x) cos t + Q(x) sin t , with x = (x 1 , ... , x 2n ) and t both close to zero.
Then within this small neighborhood, define the smooth one-form a as above, and ask, What is the constraint on the twisting functions functions f 1 , ..., f 2n that guarantees that a Ù (da) n ≠ 0 at P (and hence in a neighborhood of P ) , equivalently, guarantees that the 2n-plane distribution x F is a contact structure near P ?
Compute a and da in local coordinates.
To begin, we express the one-form a in local coordinates, using the abbreviations P j (x) = ∂P(x)/∂x j and Q j (x) = ∂Q(x)/∂x j , so that subscripts on P and Q indicate partial derivatives.
LEMMA 2. In the local coordinates x 1 , ..., x 2n , t , the one-form a is given by a = a 1 (x, t) dx 1 + ... + a 2n (x, t) dx 2n + dt , where a j (x, t) = -< P(x) , Q j (x) > sin 2 t + < Q(x) , P j (x) > cos 2 t .
Proof.
The vector field A tangent to the great circle fibres is given by A = ∂/∂t = -P(x) sin t + Q(x) cos t .
The remaining coordinate vector fields ∂/∂x j are given by ∂/∂x j = ∂S/∂x j = (∂P/∂x j ) cos t + (∂Q/∂x j ) sin t = P j cos t + Q j sin t , for 1 ≤ j ≤ 2n .
The dual one-form a to A in our x 1 , ..., x 2n , t coordinate system must satisfy a(∂/∂x j ) = < ∂/∂x j , ∂/∂t) > for j = 1, ..., 2n and a(∂/∂t) = < ∂/∂t , ∂/∂t > = 1 .
Then a j = < ∂/∂t , ∂/∂x j > = < -P sin t + Q cos t , P j cos t + Q j sin t > = -< P , P j > sin t cos t + < Q , Q j > sin t cos t -< P , Q j > sin 2 t + < Q , P j > cos 2 t = -< P , Q j > sin 2 t + < Q , P j > cos 2 t , since |P(x)| º 1 º |Q(x)| implies < P , P j > = 0 = < Q , Q j > , proving the Lemma.
LEMMA 3. At x = 0 and t = 0 , we have a = dt .
From Lemma 1, we have a = a 1 (x, t) dx 1 + ... + a 2n (x, t) dx 2n + dt , where a j (x, t) = -< P(x) , Q j (x) > sin 2 t + < Q(x) , P j (x) > cos 2 t .
So at t = 0 , we have a j (x, 0) = < Q(x) , P j (x) > . Now
and we quickly calculate that P j (0) = V j . Since
we have Q(0) = U 2 , and hence a j (0, 0) = < Q(0) , P j (0) > = < U 2 , V j > = 0 .
This shows that when x = 0 and t = 0 , all but one of the terms in the above expression for a vanish, and we are left with a = dt .
LEMMA 4. At x = 0 and t = 0 , the exterior derivative da of the one-form a is given by da = S j<k (∂f k /∂x j -∂f j /∂x k ) dx j Ù dx k .
We begin with the formula from Lemma 2: a = a 1 (x, t) dx 1 + ... + a 2n (x, t) dx 2n + dt , where a j (x, t) = -< P(x) , Q j (x) > sin 2 t + < Q(x) , P j (x) > cos 2 t .
As we compute da , we may put t = 0 and x = 0 once the differentiations have taken place. We begin ... ∂a j /∂x k = -< P , Q j > k sin 2 t + < Q , P j > k cos 2 t = -< P k , Q j > sin 2 t -< P , Q jk > sin 2 t + < Q k , P j > cos 2 t + < Q , P jk > cos 2 t = < Q k , P j > + < Q , P jk > , when t = 0 . And ∂a j /∂t = -< P , Q j > 2 sin t cos t -< Q , P j > 2 cos t sin t = 0 , when t = 0 . So far, we have
Now from the formulas for P(x) and Q(x) ,
we see that
where for this last expression we have used the fact that at x = 0 the coeficients f j (0) = 0 , and hence we can avoid the terms ∂V j (x) / ∂x k .
Then from the above, we get that
We also see that P jk (x) is a multiple of U 1 , while Q(0) is orthogonal to U 1 , and hence < Q(0) , P jk (0) > = 0 .
We conclude that when x = 0 and t = 0 , we have
Interchanging j and k , we write this as da = S j<k (∂f k /∂x j -∂f j /∂x k ) dx j Ù dx k , completing the proof of the Lemma.
Convenient confusion.
In our small neighborhood of the 2n-ball S , consider another one-form
At x = 0 , we have a' = dt , since f 1 (0) = ... = f 2n (0) , and when both x = 0 and t = 0 , we have da' = da , thanks to Lemma 4.
So when both x = 0 and t = 0 , we have
Thus for the purpose of deciding whether this quantity is zero or nonzero at x = 0 and t = 0 , we may use either the one-form a or the one-form a' .
And since both a and a' equal dt at x = 0 and t = 0 , the issue is simply whether the two equal 2n-forms (da) n and (da') n are zero or nonzero at this point.
The Pfaffian of a 2n x 2n skew-symmetric matrix.
We repeat the definition given in the introduction.
Let B be a 2n x 2n skew-symmetric matrix. The Pfaffian of B , written Pf (B) , is a polynomial of degree n in the entries of B whose square is the determinant of B :
The Pfaffian is defined by the formula
where S 2n is the symmetric group on 2n symbols, where s is a permutation of these symbols, and where (-1) s = ± 1 is its sign.
The factor 1 / (2 n n!) outside the summation sign compensates for the fact that the (2n)! terms inside can be grouped into batches of 2 n n! equal terms, as follows.
The n factors a s(1),s(2) , ... , a s(2n-1),s(2n) in a single term can be permuted without changing the value of the term, and the n! outside the summation sign compensates for this.
Moreover, each factor such as a s(1),s(2) can be rewritten as -a s(2),s(1) since A is skewsymmetric, so there are two equal choices for each of the n factors (when taking into account the sign of the permutation), and the 2 n outside the summation sign compensates for this.
Examples. An equivalent formula for the Pfaffian.
Let B = (b ij ) be a 2n x 2n skew-symmetric matrix, and let e 1 , e 1 , ..., e 2n be an orthonormal basis for R 2n . Consider the bi-vector
Then it is straightforward to check that w n / n! = Pf (B) e 1 Ù e 2 Ù ... Ù e 2n .
Some comments about Pfaffians and skew-symmetric matrices.
• Let B and C be 2n x 2n matrices, with B skew-symmetric.
Then C B C T is also skew-symmetric, and we have
Pf (C B C T ) = Det (C) • Pf (B) .
• If C is orthogonal, then Pf (C B C -1 ) = Pf (B) .
• Normal form for skew-symmetric matrices: A skew-symmetric matrix B of any size can, in terms of some orthonormal basis, be written in block diagonal form, beginning with zeros down the diagonal, followed by 2 x 2 blocks of the form
• Geometric meaning of the Pfaffian: A 2n x 2n skew-symmetric matrix B can be • Let B be a skew-symmetric 2n x 2n matrix. Then Pf (B) 2 = Det (B) .
• For more information about Pfaffians, see the books by Lang (1965) and Godsil (1993) , as well as the Wikipedia article cited in the References.
Connection between contact structures and Pfaffians.
We begin with the result of Lemma 4: At x = 0 and t = 0 , the exterior derivative da of the one-form a is given by da = S j<k (∂f k /∂x j -∂f j /∂x k ) dx j Ù dx k .
We let A = (a jk ) = (∂f k / ∂f j ) denote our twisting matrix, and then define B = A -A T = (b jk ) = (a jk -a kj ) = (∂f k / ∂x j -∂f j / ∂x k ) .
Then at x = 0 and t = 0 , we have da = S j<k b jk dx j Ù dx k , and hence
We already know that the non-vanishing of (da) n at the point P(0) where x = 0 and t = 0 is precisely what is needed to guarantee that the 2n-plane distribution orthogonal to the fibres of F is a contact structure in a neighborhood of this point.
And the non-vanishing of (da) n is equivalent to the non-vanishing of the Pfaffian Pf (B) .
Since Pf (B) 2 = Det (B) , this in turn is equivalent to the non-vanishing of Det (B) .
And since B = A -A T , this is equivalent to the non-singularity of A -A T .
We know from Proposition 1 that a family of great circles on S 2n+1 near the great circle P , constructed from the smooth functions h , f 1 , ..., f 2n , is a smooth fibration in a neighborhood of P if and only if the 2n x 2n twisting matrix (∂f j / ∂x k )| 0 has no real eigenvalues.
So now it all boils down to the QUESTION. If a 2n x 2n matrix A has no real eigenvalues, is A -A T nonsingular?
We will see that the answer is Yes when n = 1 , but No when n ≥ 2 .
For n = 1 , we are looking at 2 x 2 matrices A = It follows that for any great circle fibration of the 3-sphere, the orthogonal distribution of tangent 2-planes must be a contact structure, thus reproving the result of [Gluck 2018 ] without using special low-dimensional tools.
A counterexample on the 5-sphere.
We construct now a smooth fibration of the 5-sphere by great circles whose orthogonal 4-plane distribution is not a contact structure.
For n = 2 , we are looking at 4 x 4 matrices, and we give a specific example of such a matrix A with no real eigenvalues, for which A -A T is singular. So we have on our hands a real 4 x 4 matrix A with no real eigenvalues, for which A -A T is singular.
From this we construct a germ of a fibration F of the 5-sphere by great circles as follows.
The above matrix A is really the transpose of our twisting matrix, so at x = 0 we have Then, as before, we start with a great circle P through U 1 and U 2 , and a small round 4-ball S lying on the great 4-sphere through P(0) = U 1 and orthogonal there to P (equivalently, to U 2 ) .
We use the functions f 1 (x) , ..., f 4 (x) and h(x) to define a family of great circles on S 5 piercing the 4-ball S .
Since the twisting matrix A = (∂f j / ∂f k )| 0 has no real eigenvalues, these great circles provide a fibration in a neighborhood of P .
Since A -A T is singular there, the distribution of tangent 4-planes orthogonal to the great circle fibres fails to be a contact structure at this point.
Finally, we extend this germ of a fibration by great circles to a fibration of the entire 5-sphere by great circles, thanks to Tool 3, and obtain our counterexample.
Counterexamples on the remaining odd-dimensional spheres.
Guided by the preceding section, we now construct a smooth fibration of the 2n+1 sphere by great circles whose orthogonal 2n-plane distribution is not a contact structure.
We need a 2n x 2n matrix A with no real eigenvalues, for which A -A T is singular.
To get this, we place 2 x 2 blocks 0 1/2 -1/2 0 down the diagonal, using n of them, and then a single 2 x 2 block 1 0 0 1 in the upper right corner.
The eigenvalues of this matrix A are the purely imaginary numbers i/2 and -i/2 , each of multiplicity n . From this matrix A we construct a germ of a fibration F of the 2n+1 sphere by great circles as in the preceding section, and then extend this germ to a fibration of the entire 2n+1 sphere by great circles, once again using Tool 3, and we have our desired counterexample.
